Abstract. An assumed attribute of expert physicists is that they learn readily from their own mistakes. Experts are unlikely to make the same mistakes when asked to solve a problem a second time, especially if they have had access to a correct solution. Here, we discuss a case study in which fourteen advanced undergraduate physics students taking an honors-level quantum mechanics course were given the same four problems in both a midterm and final exam. The solutions to the midterm problems were provided to students. The performance on the final exam shows that while some advanced students performed equally well or improved compared to their performance on the midterm exam on the questions administered a second time, a comparable number performed less well on the final exam than on the midterm exam. The wide distribution of students' performance on problems administered a second time suggests that most advanced students do not automatically exploit their mistakes as an opportunity for learning, and for repairing, extending, and organizing their knowledge structure. Interviews with a subset of students revealed attitudes towards problem-solving and gave insight into their approach to learning.
INTRODUCTION
It is commonly assumed that most students who have made it through an entire undergraduate physics curriculum have learned not only a wide body of physics content but also have picked up the habits of mind and self-monitoring skills needed to build a robust knowledge structure [1] . Instructors take for granted that advanced physics students will learn from their own mistakes in problem solving without explicit prompting, especially if students are given access to clear solutions. It is implicitly assumed that, unlike introductory students, advanced students have become independent learners and they will take the time out to learn from their mistakes.
However, such assumptions about advanced students' superior learning and self-monitoring skills have not been substantiated by research. Very little is known about whether the development of these skills from the introductory level until the time the students finish their highest degree is a continuous process of development or whether there are some discontinuous ``boosts" in this process for many students, e.g., when they become involved in graduate research or when those who become professors ultimately independently start teaching and researching.
Furthermore, investigations in which advanced physics students are asked to perform tasks related to simple introductory physics content do not fully assess their learning and self-monitoring skills [1, 2] . Advanced students may have a large amount of "compiled knowledge" about introductory physics and may not need to do much self-monitoring or learning while dealing with introductory problems.
The task of evaluating advanced physics students' learning and self-monitoring skills should involve advanced level physics topics at the periphery of advanced students' own understanding. While tracking the same student's learning and self-monitoring skills longitudinally is an extremely difficult task, taking snapshots of advanced students' learning and selfmonitoring skills can be very valuable. Here, we investigate whether students in an advanced quantum mechanics course can avoid making the same mistake twice on their exams without explicit intervention.
At the University of Pittsburgh, honors-level quantum mechanics is a two-semester course sequence which is mandatory only for those students who want to obtain an honors degree in physics. It is often one of the last courses an undergraduate physics major takes. Here, we discuss a study in which we administered four quantum physics problems in the same semester both in the midterm and final exams to students enrolled in the honors-level quantum mechanics. Solutions to all of the midterm questions were available to students on a course website. Moreover, written feedback was provided to students after their midterm performance, indicating on the exams where mistakes were made and how they can be corrected.
PROCEDURE
The honors-level quantum mechanics course had 14 students enrolled in it, most of whom were physics seniors. The class was primarily taught in a traditional lecture format but the instructor had the students work on a couple of preliminary tutorials that were being developed. Students were assigned weekly homework throughout the fifteen-week semester. In addition, there were two midterm exams and a final exam. The midterm exams covered only limited topics and the final exam was comprehensive. Students had instruction in all relevant concepts before the exams, and homework was assigned each week from the material covered in a particular week. Each week, the instructor held an optional class in which students could ask for help about any relevant material in addition to holding office hours. The first midterm took place approximately eight weeks after the semester started, and the second midterm took place four weeks after the first midterm. For our study, two problems were selected from each of the midterms and were given again verbatim on the final exam along with other problems not asked earlier. The problems given twice are listed in the Appendix.
Data Collection Procedure
Three of the problems chosen (labeled as problems 1, 2, and 3 for convenience) were those with which several students had difficulty; a fourth problem (labeled as problem 4) which most students found straightforward on one of the two midterm exams was also chosen. The most difficult of the four problems (based upon students' performance) was problem 3, which was also assigned as a homework problem before the midterm exam. It was perceived by students to be more abstract in nature than the other problems. The easiest of the four problems, problem 4, was an example that was solved within the assigned textbook. The students had access to the homework solutions and midterm problems. Thus, students had the opportunity to learn from their mistakes before they encountered the four problems selected from the midterm exams on their final exam (as noted earlier two problems were selected from each midterm).
A scoring rubric was developed jointly with Yerushalmi and Cohen [3, 4, 5] to assess how well the students in introductory physics courses diagnose their mistakes when explicitly prompted to do so. This rubric was adapted to score students' performance on each of the four quantum mechanics problems on both the midterm and final exams. The scoring was checked independently by another scorer and at least 80% agreement was found on the scoring for each student on each problem in each attempt (on midterm and final exams). Students were rewarded for correctly identifying and employing physical principles as well as for their presentation and problem-solving skills. Here we summarize the findings based on the performance on the physics scores obtained using the rubric.
To get a better insight, in-depth interviews lasting 1-1.5 hours were conducted with four paid student volunteers from the group of 14 students in the following semester within the first two months using a think-aloud protocol [6] . The goal of these interviews was to learn about students' attitudes and approaches towards problem solving and learning and to better understand their thought processes as they attempted to solve the 4 problems chosen for the study again during the interview. Three of the four interviewed students were enrolled at that time in the second semester course in honors-level quantum mechanics. The fourth student had graduated in the fall semester and was performing research with a faculty member. During these interviews, we first asked students about their approaches and strategies for problem solving and learning and asked them to solve the same four problems again while thinking aloud. We did not disturb them initially when they answered the questions and only asked for clarification of points after the student had answered the questions to the best of his/her ability. These delayed interviews also provided an opportunity to understand how well students had retained relevant knowledge after the semester was over and could retrieve it a couple of months later to solve the problems. Two shorter interviews were conducted later with two additional students which mainly focused on students' attitudes and approaches to learning due to the time constraints. 
RESULTS
Overall, the midterm average score of all students was 66% on all four problems and 57% on the three difficult problems (omitting the "easy" problem). The average final exam score of all students was 60% on all four problems and 53% on the three difficult problems. Thus, the students' average final exam performance on these problems is slightly worse than their performance on the midterm exams. Before we focus at the change in each student's performance from the midterm exam to the final exam on problems given a second time, we note that this lowering of the average score in the final exam compared to the midterm exams suggests that the assumption that the senior-level physics majors will automatically learn from their mistakes may not be valid. Table 1 contains each student's average score on the four problems for both midterm (mi) and final exam (fi) attempts. It is clear from Table 1 that some students did well both times or improved in performance but others did poorly both times or deteriorated on the final exam. Students struggled the most on problem 3 both in the midterm and final exams, and regressed the most from midterm to final exam on problem 2.
In interviews, students frequently noted that they did not expect a problem they had encountered on a previous exam to occur on the final exam. This expectation often resulted in a more careful review of homework assignments than previous exams. The following comments from students, which pertain to general study habits, exhibit this trend:
"If I make mistakes in the homework, I look at the TA's solutions carefully because I know those problems can show up in the exams. But if I make a mistake in the midterm exam, I won't be so concerned about what I did wrong because I don't expect those questions to show up in the final exam. Also, if I don't do well on the exam, I don't feel like finding out what I did wrong because reading my mistake again would just hurt me again, and I don't want anything to ruin the after-exam happy time." (student 8)
"When I make mistakes I always look back at the work to see where I erred. In most cases I will be more careful in looking over homework than past exams as far as studying purposes go." (student 9) In terms of performance on specific problems, the four students who were asked to solve the problems again in the interview had mixed performance on the four problems. They all struggled to some extent on problem 3, ranging from forgetting details about a Taylor expansion used in the problem's solution to being unable to even start the problem. Several complained that they did not anticipate this problem on the exams and therefore did not study it as Three students (with student 11 being the exception) struggled with problem 1. The difficulties were specifically around the fact that Dirac notation had not been mastered, and the regression from the midterm attempt to the final exam attempt by two of the students suggests they may have memorized procedures related to Dirac notation in order to "get by". Student 3, whose work on the midterm and final exam for problem 1 is given in Figure 1 (he solved the problem correctly on midterm but did not know how to solve it in the final exam), noted: Student 10 also stated the transition from integral notation to Dirac notation was not clear to him. In contrast, student 11 had no trouble with problem 1:
"Well, we learned that in particular. It was proven to us in like, three different ways. I remember the page in Griffiths now…"
For problem 2, students 3, 6, and 10 had a difficult time figuring out what steps were needed to solve the problem. Student 6 displayed common errors such as confusing energy eigenstates with position eigenstates, and said that he failed to learn from mistakes on his midterm exam attempt because his solution, while incorrect, gave an answer that seemed correct (i.e. arriving at an answer slightly different from the one that had to be proved). On the other hand, student 10 simply could not remember enough of the problem solution in order to replicate it:
"
…just from my memory, like, there's just too many holes and stuff because I haven't looked at it or thought about it in a while…"
We note that with the exception of forgetting some details about the Taylor expansion on problem 3, student 11 displayed excellent physical and mathematical skills. He cited his habit of reflecting on his mistakes as well as his double major in mathematics and physics as reasons for his success.
DISCUSSION
We find that students' average performance in the final exam on the problems that were given a second time was not significantly better than the average performance on those problems on the midterm exams. While some students improved, others deteriorated. We suggest that many advanced physics students do not routinely exploit their mistakes in problem solving as a learning opportunity. Our study suggests that many advanced physics students may be employing inferior learning strategies, e.g., "cramming" before an exam and selective memorization of content based upon their expectation that those problems are likely to show up on the exam; most do not give a high priority to building a robust knowledge structure. Prior research shows that introductory physics students benefit from explicit interventions to help them develop useful learning and self-monitoring skills [3, 4, 5, 7, 8] . Similar explicit interventions involving formative assessment might also prove useful in advanced courses and can help advanced physics students in developing habits of mind [9] .
